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ON CONFORMALLY FLAT HOMOGENEOUS WALKER 
FOUR-MANIFOLDS 

M. CHAICHI, A. ZAEIM AND Y. KESHAVARZI 


Abstract. In this paper we study the invariant Walker structures over the conformally 
flat four-dimensional homogeneous manifolds according to the Segre types of the Ricci 
operator. 


1. Introduction 

Conformally flat spaces are the subject of many investigations in Riemannian and 
pseudo-Riemannian geometry. A conformally flat (locally) homogeneous Riemannian man¬ 
ifold is (locally) symmetric |11] . and so, as proved in |ir)] . it admits an universal covering 
either a space form M”, or one of the Riemannian products M x S"'“^(/c), 

M X BT-^i-k) and SP{k) x M^-P{-k). 

In the pseudo-Riemannian setting the problem is more complicated and of course in¬ 
teresting. In dimension three, the conformally flat examples were classified independently 
in [7] and [T], where contrary to the Riemannian case they showed the existence of non- 
symmetric examples. By expanding the results of [7], the same authors solved the classi¬ 
fication problem for the Lorentzian manifolds of any dimension with diagonalizable Ricci 
operator [8]. For homogeneous spaces, the classification problem has been completely 
solved for both Lorentzian and neutral signatures in dimension four [2]. A fundamental 
step for this classification was to determine the forms [Segre types) of the Ricci operator. 
Homogeneous spaces are the subject of many interesting research projects in the pseudo- 
Riemannian framework. Four-dimensional homogeneous Lorentzian and neutral signature 
manifolds were studied in [3] and [5] respectively and Lorentzian Lie groups with complete 
classification of Einstein and Ricci parallel examples were considered in dimension four in 

ID- 

A pseudo-Riemannian manifold which admits a parallel degenerate distribution is called 
a Walker manifold. Walker spaces were introduced by Arthur Geoffrey Walker in 1949. 
The existence of such structures causes many interesting properties for the manifold with 
no Riemannian counterpart. Walker also determined a standard local coordinates for these 
kind of manifolds [laiia]. 

In this paper, which is based on the study of conformally flat spaces in [2], we have 
determined invariant Walker structures in the case of four-dimensional conformally flat 
homogeneous manifolds. Conformally flat homogeneous spaces have been studied classi¬ 
cally in pseudo-Riemannian geometry. As it is known, the existence of Walker structures 
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on a manifold can be responsible for the existence of non-symmetric examples. So we 
analyze the conformally flat homogeneous pseudo-Riemannian Walker four-manifolds. 

The paper is organized as follows. We recall some basic facts about the Ricci operator 
of a Conformally flat homogeneous four-dimensional manifold in Section 2. In Section 
3 according to the forms (Segre types) of the Ricci operator we study the left-invariant 
Walker structures of cases with non-degenerate Ricci operator. The cases with degenerate 
Ricci operator and trivial isotropy invariant Walker structures will be studied in Section 
4. In Section 5 we consider invariant Walker structures on the cases with degenerate Ricci 
operator and non-trivial isotropy. 


2. PRELIMINARIES 

Let {M,g) be a pseudo-Riemannian manifold of dimension n > 3 and V its Levi- 
Civita connection. We use the curvature tensor with the sign convention R{X,Y) = 
[Vx,Vy] — V[x,Y] for all vector fields X, Y on M. The Ricci tensor is given by the 
identity 

4 

(2.1) T) = eig{R{e,,X)Y, a), 

i=l 

for all X,Y G TpM, where { 61 , 62 , 63 , 64 } is a pseudo-orthonormal basis for the tangent 
space TpM. We denote the Ricci operator and the scalar curvature by Q and r respectively. 
Let p be a point of M and {ei,...,en} an orthonormal basis of the tangent space TpM. 
It is well-known that for a conformally flat space the curvature tensor can be completely 
determined using the Ricci tensor by the identity 

/„ Rjjfch — n—2 idihQjk T OjkQih 9ikQjh 9jhQik) 

~ (n-l)(n-2) i9ihQjk ~ 9ikQjh)- 

Moreover, the Equation (12.2p characterizes conformally flat pseudo-Riemannian manifolds 
of dimension n > 4, while it is trivially satisfied by any three-dimensional manifold. 
Conversely, the condition 

(2.3) YiQjk-^ jQik = 2(n-2) {9jk^i'T - 9ik^jT), 

which characterizes three-dimensional conformally flat spaces, is trivially satished by any 
conformally flat Riemannian manifold of dimension greater than three. 

Now, let (M, g) be a locally homogeneous pseudo-Riemannian manifold. Then, for each 
pair of points p,p' G M, there exists a local isometry cf) between neighbourhoods of p and 
p', such that 4>{p) = p'. In particular, for any choice of an index k, <j)* : Tp/M —)• TpM 
satisfies 4>*{X^Rp') = V'‘Rp for all i = 0,.., fc. Consequently, chosen a pseudo-orthonormal 
basis {ei}p for TpM, by means of the isometries between p and any other point p' G M, 
one can build a pseudo-orthonormal frame field {cj} on M, with respect to which the 
components of the curvature tensor and its covariant derivatives up to order k are globally 
constant on M. 

In the special case when (M, g) is conformally flat, this is equivalent to determining 
a pseudo-orthonormal frame field { 6 *} on {M,g), such that the components of the Ricci 
tensor g and its covariant derivatives X^g, for i = 1,..., fe, are constant globally on M. 
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To note that in particular, with respect to {cj}, the components of the Ricci operator Q 
are constant. Specially the Segre type of the Ricci operator stays constant on the whole 
space. 

Following [2], we now recall the possible Segre types of the Ricci operator for a 
conformally flat homogeneous four-dimensional manifold through the following tables. 


Table I: Segre types of Q for an inner prodnct of signatnre (2,2). 


Case 

la 

Ib 

Ic 

Ila 

Ilb 

Non-degenerate type 

— 

[1,111] 

[llll] 

— 

[22] 

Degenerate types 

[(11), (11)] 
[(11(1,1)11)] 
[(11,1)1] 
[1(1,11)] 
[(11,11)] 

[(1,1)11] 

[(lili)] 

[(1,1)2] 

[1,(12)] 

[(1,12)] 

[(22)] 

Case 

lie 

Ild 

Ilia 

Illb 

IV 

Non-degenerate type 

[211] 

[22] 

[13] 

[1,3] 

[4] 

Degenerate types 

— 

— 

[(13)] 

[(1,3)] 

— 


Table II: Segre types of Q for a Lorentzian inner prodnct. 


Case 

la 

Ib 

II 

III 

Non-degenerate type 

— 

[11,11] 

— 

[1,3] 

Degenerate types 

[(11)(1,1)] 

[1(11,1)] 

[(111),!] 

[(111,1)] 

[(11), li] 

[(11), 2] 
[1(1,2)] 
[(11,2)] 

[(1,3)] 


By the result of [7|, for a conformally flat homogeneous manifold of dimension four with 
digonalizable Ricci operator, the problem of study Walker structures reduces to the well 
known space forms. 

Theorem 2.1. [7] Let M” be an n(> 3)-dimensional conformally flat homogeneous 
pseudo-Riemannian manifold with diagonalizable Ricci operator. Then, M” is locally iso¬ 
metric to one of the following: 

(i) A pseudo-Riemannian space form; 

(ii) A product manifold of a m-dimensional space form of constant curvature k f 0 
and a (n — m)-dimensional pseudo-Riemannian manifold of constant curvature —k, 
where 2 < m < n — 2; 

(iii) A product manifold of a (n — l)-dimensional pseudo-Riemannian manifold of index 
q — 1 of constant curvature k f 0 and an one-dimensional Lorentzian manifold, 
or a product of a {n — 1)-dimensional pseudo-Riemannian manifold of index q of 
constant curvature k f 0 and an one-dimensional Riemannian manifold. 




















ON CONFORMALLY FLAT HOMOGENEOUS WALKER FOUR-MANIFOLDS 


4 


It is obvious from the last theorem that if (M, g) have digonalizable Ricci operator then 
the Ricci operator is degenerate. So the study of cases with non-degenerate Ricci operator 
restricts to the not diagonalizable ones. 

3. Cases with non-degenerate Ricci operator 

Let {M,g) be a conformally flat homogeneous four dimensional manifold with non¬ 
degenerate Ricci operator. For any point p € M, we have that g{0,p) = {0} if and only 
if Qp is non-degenerate. Therefore, (M, g) is locally isometric to a Lie group equipped 
with a left-invariant pseudo-Riemannian metric and the Ricci operator of conformally flat 
homogeneous pseudo-Riemannian four-manifolds can only be of Segre type [1, 111] if g is 
neutral, or [11,11] if g is Lorentzian [2]. The Lie group structure of the mentioned types 
could be realized by the following theorems. 

Theorem 3.1. [2] Let {M,g) be a conformally flat homogeneous four-dimensional mani¬ 
fold with the Ricci operator of Segre type [1, 111]. Then, {M,g) is loeally isometric to one 
of the unsolvable Lie groups SU{2) x M or SL{2,M) x M, equipped with a left-invariant 
neutral metrie, admitting a pseudo-orthonormal basis { 61 , 62 , 63 , 64 } for their Lie algebra, 
such that the Lie braekets take one of the following forms: 


[62,63] = 2a(6i -^£64), 
[ 61 , 64 ] = 2 a(e 62 - 63 ), 


i) [61,62] = £063, [61,63] = -£062, 

[62,64] = —063, [63,64] = 062, 

ii) [61,62] = -£061, [61,63] =061, 

[62, 64] £064, [63, 64] 064, 

where o / 0 is a real constant and e = ± 1 . 

And for the Lorentzian signature we have: 

Theorem 3.2. [2] Let (M, g) be a conformally flat homogeneous Lorentzian four-manifold 
with the Rieci operator of Segre type [11,11]. Then, {M,g) is locally isometric to one of the 
unsolvable Lie groups SU (2) x M or SL{2, R) x R, equipped with a left invariant Lorentzian 
metrie, admitting a pseudo-orthonormal basis { 61 , 62 , 63 , 64 } for the Lie algebra, such that 
the Lie brackets take one of the following forms: 

i) [61,62] = -2o(£63 -h 64), [61,63] = £062, [61,64] = 062, 

[62, 63] = £ 06 i, [62,64] = 06 i. 


ii) [ 61 , 62 ] = 20(663 + 64 ), [ 61 , 63 ] = £ 062 , 

[ 62 , 63 ] = £06i, [ 62 , 64 ] =06i, 

where o / 0 is a real constant and e = ±1. 


[ 6 l, 64 ] — 062, 


By using the above classihcation theorems we have enough tools to study Walker struc¬ 
tures. The result is the following theorem. 

Theorem 3.3. Let [M,g) be a conformally flat homogeneous four-dimensional manifold 
with non-degenerate Ricci operator. Then {M,g) does not admit any left-invariant Walker 
structure. 
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Proof. Since the Ricci operator of (M, g) in non-degenerate, according to the Theo¬ 
rem [Q for signature (2, 2) and Theorem 13.21 for Lorentzian signature, we have the ex¬ 
plicit description of Lie groups and their Lie algebras. We prove that the existence 
of a left invariant parallel null distribution in any possible case leads to a contradic¬ 
tion. We report the calculations for the case (i) of signature ( 2 , 2 ). Choose the pseudo¬ 
orthonormal basis {ei, 62 , 63 , 64 } and suppose there exists a two-dimensional parallel distri¬ 
bution V = span(u, w) , where v = UjCj and w = WiCi are linearly independent 
and g{v,v) = g{w,w) = g{w,v) = 0 for arbitrary parameters Vi and Wi. Setting Aj = Vg^, 
the components of the Levi-Civita connection are calculated using the well known Koszul 
formula and are 


(° 

0 

0 

0 \ 


( ° 

0 

0(1 — 6) 

0 

\ 

0 

0 

o 

0 


0 

0 

0 

0 


0 

0 

0 

0 

5 ^2 = 

0(1 — 6) 

0 

0 

—o;(l -|- (S) 


VO 

0 

0 

0^ 


V 0 

0 

0(1 -|- 6) 

0 

/ 



/ 

0 

0 

— 0(1 -\- 6) 

0 \ 


/ 

0 

0 

0 

0 

\ 

A 3 = 


0(1 -j- 6) 
0 

0 

0 

0 

0 

0(1 — 6) 

0 

, A 4 = 


0 

0 

0 

—60 

—60 

0 

0 

0 



V 

0 

0 

0(1 — 6) 

0 y 


V 

0 

0 

0 

0 

/ 


Being parallel of T> is expressed by the equations 


(3.4) 


VeiU = a\V + biW, VeiW = CiV + diW, 

VeaL” = a2V -|- b2W, Vej'R’ = C 2 V + d2W, 

VegU = a^V + b^W, VegU! = C3V + d^w, 

Ve 4 U = a4V + b^w, Ve 4 U! = C 4 U -|- d^w, 


for some parameters {ai,bi,Ci,di}f^i. From g{v,v) = g{w,w) = g{w,v) = 0 and the 
equations V = aiv + biw and VgjU = a 2 V + b 2 W we have: 


0000 0000 
■*^1 + ^2 “ '*^3 “ ^4 = 0 ) wf + W2 — — wf = 0, ViWi -|- V2W2 — V3W3 — W4V4 = 0, 

biwi + aivi = 0 , biW4 + aiV4 = 0 , biW2 + aiV2 — avs = 0 , 

biW3 + aiV3 - av2 = 0 , b2W2 + 0202 = 0 , 62^61 + - au 3 (l - e) = 0 , 

b2W4 + a2V4 - av3{l -I- e) = 0 , 62^63 + a2V3 + a{vi + V4){1 - e) = 0 . 


These equations yield that the vector v must vanish which contradicts the linear inde¬ 
pendence of V, w. By similar argument we suppose that T> = span(x) is a null parallel 
line field, where x = '^i=iXiei for arbitrary parameters Xj. Thus, the following equations 
must be satisfied for some parameters coi and Xi, 

X 2 I ^2 ^2 ^2 — o 

2 ~r 0^2 *^3 *^4 — 

ojixi = 0, a;iX4 = 0, a;iX2 — axs = 0, 0 J 1 X 3 — ax 2 = 0, 

W2X2 = 0 , a;2Xi-I-0x3(6 - 1 ) = 0 , a;2X4 - 0x3(6-I- 1 ) = 0 , 

^23^3 + 0x4(6 -|- 1) -|- axi(6 — 1) = 0, 

^3X3 = 0, a;3Xi-I-0x2(6-t- 1 ) = 0 , a;3X4-I-0x2(6 - 1 ) = 0 , 

W3X2 + 0x4(6 — 1) — 0x1(6 -|- 1) = 0, 

W4X1 = 0, a;4X4 = 0, a;4X2 + 0x36 = 0, ^4X3 -|- 0x26 = 0. 
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This system of equations yields that x = 0 which is a contradiction. This shows that no 
left-invariant parallel null line field exists in this case and this matter finishes the proof. □ 


4. Cases with degenerate Ricci operator and trivial isotropy 


Following the arguments of the previous section, now we proceed the manifolds with 
degenerate Ricci operator. First the Ricci parallel examples. By Proposition 4.1 of [2], 
a conformally flat Ricci parallel homogeneous pseudo-Riemannian four-manifold {M,g) 
belongs to one of the following cases: 

(i) if the Ricci operator is diagonalizable then (M, g) is locally isometric to one of the 
four-dimensional spaces listed in the Theorem 12.11 

(ii) if the Ricci operator is not diagonalizable then 

a) either {M,g) is locally isometric to a complex sphere in C^, defined by 

zf + Z2 + = ib (6 7 ^ 0 , 6 G M), 

b) or {M,g) is a (conformally flat, locally symmetric) Walker manifold. In this 
case, Q is two-step nilpotent, that is, = 0. 

Thus, the conformally flat Ricci parallel homogeneous Walker spaces are one of the spaces 
of the Theorem EU or admit a two step nilpotent Ricci operator. 

Now, let (M, g) be a not Ricci parallel (and so not locally symmetric) conformally flat 
homogeneous manifold with degenerate Ricci operator. First, we proceed that the cases of 
trivial isotropy. Except the diagonalizable Ricci operator and Ricci parallel cases, spaces 
with trivial isotropy are locally isometric to a Lie group G, equipped with a left-invariant 
neutral metric, and Q has one of the Segre types: [ 1 ,( 12 )], [( 1 , 12 )], [( 22 )], [(13)] and 
[(1,3)]. Also, for the Lorentzian signature, Q admits the Segre types either [( 11 , 2 )], or 
[(1,3)] (seen). 

Theorem 4.1. Let {M,g) he a conformally flat not Ricci-parallel four-dimensional Lie 
group with the Ricci operator of Segre type [1, (12)] or [(1,3)], then {M,g) does not admit 
a left-invariant Walker structure. 


Proof. We apply the same argument used to prove Theorem 13.31 As a sample, we prove 
that in the case with Segre type [(1,3)] and signature ( 2 , 2 ) there exists no two-dimensional 
null parallel distribution. To note that the statement of the theorem is valid for the Segre 
types [(1,3)] in both Lorentzian and neutral signatures. 

Using the notation of Theorem 4.3 of [2j, {M,g) is isometric to the solvable Lie group 
M X £1(1,1), where the Lie algebra g is 

[ei, 62] = (ci — 02)62 — 4^63 -I- (ci — 62)64, [61,63] = ^^62 — 6263 -I- ^^64, 

[61,64] = -(ci -k 62)62 -k ^63 - (61 -k 62)64, [62, 64] = a /2())62(62 -k 64), 

h, 63] = [63, 64] = -^62 -k ^^^63 - ^64, 


where f) = P.— — 3 -^—^, for any real constants 64,62 f 0 such that 1 — 2 ciC 2 > 0 and 
^2 

{ 61 , 62 , 63 , 64 } with 63 , 64 time-like, is a pseudo-orthonormal basis. The components of the 
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Levi-Civita connection are 


Ai = 


/o 
0 
0 
V 0 


0 

0 

4c2 

-C2 


0 \ 


Ao = 


Aa = 


0 

-Cl + C2 

2C2 

-Cl 


/ 0 

2c2 
C2 

~V2 


Cl - C2 
0 

-3y'l-2cic| 


& 

» -li 


— 0 / 

4c2 ^ / 


V2 

2c2 

-Cl 


^/2^1-2clc3 


4c3 


0 


C2 

Sy^l—2 ciC2 
4cl 


\/2-^1-2cic3 -3y/1-2cic| 


C2 


2C2 

0 


Ai = 


2C2 

0 

Cl 

2c2 


\ Cl + C2 


-V2^/l-2cicl 
2c2 

0 
-Cl 
0 

Sy'^l —2c7cf 

-V2^1-2cicl 
C2 


4^ 


C2 

-V2V1-2cic3 

2c2 

0 

-V2^/l-2cicl 

2C2 

2C2 

3y^l—2cic| 
4c3 


0 

3y'T—Scicf 

4i| 


0 

2c2 

0 

y2Vl-2cici 

2c2 

0 

Cl + C2 
-V2^1-2cicl 

C2 

—3y^ 1—2cic| 

4i| 

0 


/ 


Suppose that the null parallel distribution is P = span(u,t(;). Since v is parallel along the 
vectors ei and 62 together with being null of P gives the only possibility is to vanish v. 
This contradicts the linear independence of v and w and so, no left-invariant null parallel 
distribution also exists in this case. Similar argument concludes that no left-invariant null 
parallel line held exists and so {M,g) is not a Walker manifold. □ 

Following [2], for the other possible Segre types of the Ricci operator and the explicit 
solution presented there, we have the following result. 


Theorem 4.2. Let {M,g) he a conformally flat not Ricci-parallel four-dimensional Lie 
group with the Ricci operator of Segre type [(1,12)], [(22)] or [(11,2)]. Then {M,g) may 
be a Walker manifold. An explicit example is 

1- Segre type [(1,12)] the solvable Lie group G = M k whose Lie algebra g is 
described by 

[ 61 , 62 ] = -[ 61 , 63 ] = -^61 - 6262 - C 263 , [ 62 , 63 ] = %^62 ^^ 63 , 

[ 62 , 64 ] = —[ 63 , 64 ] = 6362 -I- 0363 -I- Cl 64 , 

for any real constants ci / 0, 62 , C 3 . In this case a left-invariant parallel degenerate 
line filed is given by V = span(e 2 -|- 63 ) and V = span (62 -|- 63 , ei — 64 ) generates a 
left-invariant parallel degenerate plane field. 
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2- Segre type [(22)] the solvable Lie group G = M x £'(1,1), whose Lie algebra g is 
described by 

[ei,e 2 ] = ^e 4 , [ei, 63 ] = |(ei + 63 ), 

[ 61 . 64 ] = fe 2 + 64 , [ 62 , 63 ] = 62 + 364 , 

[ 63 . 64 ] = — 562 , 

for any real constant ci / 0. In this case V = span(6i + 63,62 + 64) generates a 
left-invariant parallel degenerate plane field. 

3- Segre type [(11, 2)] the solvable Lie group G = Mt< H, where H is the Heisenberg 
group, whose Lie algebra g is described by 

[ei, 62] = Cl63 + Cl64, [Cl, 63] = — [ci, 64] = — ^Cl — Cl62 — C363 — C364, 

[63,64] = (^3 + 64), [62,63] = —[62, 64] = —C262 + C463 + C464, 

for any real constants 64 , 63,64 and C 2 0. In this case a left-invariant parallel 
degenerate line field is generated by V = span(c 3 + 64 ). 


Proof. An explicit example of a non-Ricci parallel conformally flat Lie group for the Segre 
types mentioned in the statement presented in [2]. We bring the details of the case of 
Segre type [(1,12)]. The other examples could be checked by similar calculations. The 
components of the Levi-Civita connection are calculated using the Koszul formual, which 
are 


Ai = 


0 

1 

¥ 

2ci 

0 


/ 0 ^ ^ 

^ 2ci "In 

0 


1 

2ci 

0 

0 

0 


o\ 
0 
0 
0 / 


/ 


. Ao = —A 3 = 


0 

C2 


C2 

0 


-C2 

0 

l-h2c' 


2ci 

C3 


C2 

l+2c2 

2ci 

0 

-C3 


0 

C3 

C3 

0 


\ 


/ 


A4 = 


0 

0 

0 


0 

0 


0 

Cl 


\ 


0 —Cl 

\ 0 -Cl Cl 0 y 

If we set u = 61 — 64 and u; = 62 + 63 then have g{v, v) = g{w, w) = g{w, u) = 0 which 
shows that P is a null distribution. Also, direct calculations yields that 


= 


VejII = (C2 - C3)'U;, 
Vegf = (C3 - C2)w, 
= CiW, 


VeiW = 0, 

V, 

V, 

= 0 , 


62 


l+2cf 

1+24 

^ 3 '^ = -2^^> 


SO, T> = span(u, w) is a two-dimensional parallel null distribution. It is clear from the 
above derivations that w generates a null parallel line field and this finishes the proof. □ 


Remark 4.3. According to standard calculations similar to the Theorem \4.1[ for the 
explicit example which is presented in [2] for the segre type [(13)], there is not any left- 
invariant Walker structure. This fact does not mean that conformally flat homogeneous 
invariant Walker manifolds can not admit this Segre type but the example in hand is not 
an invariant Walker manifold. 
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5. Cases with degenerate Ricci operator and non-trivial isotropy 

After study the spaces with degenerate Ricci operator and trivial isotropy we consider 
cases with non-trivial isotropy in this section. For these spaces, the approach is based on 
the classification of four dimensional homogeneous spaces with non-trivial isotropy pre¬ 
sented by Komrakov in [9]. In [2], the authors checked case by case the Komrakov’s list 
for conformally flat not Ricci parallel (and so not locally symmetric) examples with de¬ 
generate and not diagonalizable Ricci operator. The following theorem shows the possible 
Segre types. 

Theorem 5 . 1 . [ 2 ] Let {M,g) be a conformally flat homogeneous, not locally symmetric 
pseudo-Riemannian four manifold, whose Ricci operator Q is degenerate and not diago- 
nalizale. Then Q is of Segre type either [(22)],[(1,12)] or [(11,2)]. 

By using the lists which are presented in [2] for the conformally flat non-symmetric 
homogeneous 4-spaces with non-trivial isotropy and non-diagonalizable degenerate Ricci 
operator, now we are able to determine the invariant Walker structures over these spaces. 

Theorem 5 . 2 . Let {M,g) be a conformally flat homogeneous not locally symmetric 
pseudo-Riemannian four-manifold with not diagonalizable, degenerate Ricci operator and 
non-trivial isotropy. Then {M,g) admits invariant parallel degenerate line field V and 
invariant parallel null plane field T) with the generators listed in the Tables III, IV and V. 

Proof. Following the notation and the classifcation used in [9], the space identified by 
the type n.mf : q is the one corresponding to the q-th pair (g, f}) of type n.m^, where 
n = dim(f)) (= 1,...,6), m is the number of the complex subalgebra f)'^ of so(4, C) and 
k is the number of the real form of According to the lists which are specified in 

[ 2 ] for the conformally flat homogeneous not locally symmetric four-manifolds with non¬ 
trivial isotropy and non-diagonalizable Ricci operator we check case by case the Walker 
structures and prepare the list below for the Walker examples. In each of the different 
cases, {rti, U 2 , ^ 3 , U 4 } is the basis of m used in [9] in the description of the quotient space 
M = {cji, a;2,W3,W4} the corresponding dual basis of one- forms. Moreover, ujiujj 
denote the symmetric tensor product of uoi and ioj. We bring the details of the case 1.3^:2 
here and prove that in this case, P = span(ui,U 2 ) is a two-dimensional invariant null 
parallel distribution. By the table III of [2], in this case the Lie algebra g is described by 
the brackets as follows 

[UI,U 3 ] = -Xei-\- {X-\-l)ui-\-XU2, [u2,Ua]=U 2, [ei,U 3 ]=Ul, [ei,UA\=U2, 

where f) = span(ei) and A 7 ^ 0 is an arbitrary parameter. The isotropy representation H 
and the pseudo-Riemannian invariant metric g, are described as 


( 0 

0 

1 

0 \ 


/ 

0 

0 

0 

—a 

\ 

0 

0 

0 

1 



0 

0 

a 

0 


0 

0 

0 

0 

) idij ) — 


0 

a 

b 

c 


VO 

0 

0 

0^ 


V 

—a 

0 

c 

0 

/ 


H = 
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for arbitrary parameters a, b, c. Direct calculations using the Koszul formula yield the 
following Levi-Civita connection 


/ 0 

0 

A+1 

2 

0 





/ 

0 

0 

1 
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0 

0 

0 
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0 

0 

0 

0 





0 

0 

0 

0 



V 0 

0 

0 

0 

) 




V 

0 

0 

0 

0 y 



/ - 

\+i 

2 

1 

2 

0 


C 



/ 

0 


0 


c 

2 a 



-A 

0 

cA 


cX+c+b 




A+l 

1 

cA+c+6 

0 


a 


2 




2 


2 


_^a 

2 


0 

0 

0 





0 


0 


0 

V 

0 

0 

-A 


A+l 

2 

) 


V 

0 


0 


A+l 

2 

0 / 


If we set V = ui and w = U 2 , the non-zero covariant derivatives are 


Vu^V = - Xw, Vu4V = ^^W, Vu3W = ^V, Vu^w = -^w. 

Also, Hv = Hw = 0, so, 2? = span(u,r(;) is an invariant null parallel distribution since 
g{v, v) = g{w, w) = g{v, w) = 0. On the other hand, set x = suppose that 

V = span(a;) is an invariant null parallel line field. Then, the following equations must 
satisfy for some parameters cji,..., 014 


VuiX = ijJlX, Vu2X = 0J2X, VugX = (JaX, Vu4X = 0J4X. 

By straight forward calculations we conclude that the following equations must satisfy 

ojix^ = 0, a;iX4 = 0, —ujixi + ^^^3 = 0, —0J1X2 + = 0 

UJ 2 X‘i = 0, ^ 23^4 = 0, -OJ 2 X 1 + \x^ = 0, -OJ 2 X 2 + 1x4 = 0, 

2aw3Xi — CX4 — ax2 + axi{X -|- 1 ) = 0 , 20W3X2 + 3:4(6 + c(A + 1)) — 2cAx3 -|- 2 aXxi = 0 , 

^^3X3 — ^X4 = 0 , X4(a;3 — ^(A -|- 1 )) -|- X3A = 0 , 200:4X1 — 0x3 = 0 , X3(^ — 04) = 0 , 

0x2(204 -|- 1 ) + 6x3 — (A -|- l)(oxi — CX3) = 0 , —04X4 + ^X3(A + 1) = 0 . 

By solving the above system of equations we obtain that x must vanish which is a contra¬ 
diction. Thus, no invariant parallel null line field exist in this case. □ 


The following tables show the existence of invariant Walker structures on the non-Ricci 
parallel and non-diagonalizable Ricci operator conformally flat homogeneous spaces with 
non-trivial isotropy according to different Segre types of the Ricci operator. In these tables 
the column P (respectively T>) shows the generators of the invariant null parallel plane 
field (respectively invariant null parallel line field) in each case and the sign X shows that 
the invariant Walker structure does not exist. 












ON CONFORMALLY FLAT HOMOGENEOUS WALKER FOUR-MANIFOLDS 


11 


Table I: Non-symmetric examples with Q of Segre type [(22)]. 


Case 

Invariant metric 

V 

V 

1.3^:2 

— 2 a,CJiCJ 4 -|- 2q(6(J2^3 ^^3^3 “ 1 “ 2 CCJ 36 J 4 

{U4,U2} 

x 

1.31:4 

2a{—LO\U}A + ‘^2^3) + + 2ca;3u;4 

{'« 1 ,M 2 } 

/• 

1.31:5 

2a( UJ1UJ4 + 012 ^ 3 ) H-^ -^3^3 

-I- 2ca;3a;4 + doJ 4 UJ 4 

{m 1 ,U 2 } 

X 

1.31:7 

2 a(—uJiUJ 4 + 102^3) + bui^LOs + 2 CUJ 3 UJ 4 

+ (bA — 2c)lo4UJ4 

{m 1 ,U 2 } 

X 

1.31:15 

2a{—104104 + UJ 2 LO 3 ) — dujsLo^ + 2 cu} 3 UJ 4 + <1004104 

{U4,U2} 

X 

1.31:16 

2a{—L0\L04 + OJ2OJ3) + diosLo^ + 2C003004 + <10040:4 

{U4,U2} 

X 

1.31:24 

2ci( — UJ1UJ4 “h ^^ 2 ^ 3 ) H” 2cZ(A^ — A)CtJ3U^3 H- 2,CUJ^UJ4 
“h duj4U)4 

{U4,U2} 

X 

1.31:25 

2a(—W 1 W 4 -F OJ 2 OJ 3 ) — 2d(A^ — A)w 3 a ;3 -F 2 CW 3 W 4 
“h dL 04 UJ 4 

{U4,U2} 

X 

1.31:28 

2 a{—0:10:4 -F W 2 W 3 ) -F 2 < 1 oo 3003 + 2 <xo 3 L 04 + <10040:4 

{mi,M 2 } 

X 

1.31:29 

2 a(—0040:4 + W 2 W 3 ) — 2 < 1 oo 3003 + 2<x03i04 -F <10040:4 

{mi,U 2 } 

X 

1.31:30 

2 ci( — UJ1UJ4 102^3') &(A^ — A) 6 <J 3 U ^3 

— (bfi dX — d — b)uJsUJ 4 + duj 4 UJ 4 

{mi,U 2 } 

(/i — 1 )mi -F M 2 for a = 0 
Ml — M 2 for A = —/I 

Ml + (A — 1 )m 2 for /I = 0 
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Table II: Non-symmetric examples with Q of Segre type [( 1 , 12 )]. 


Case 

Invariant metric 

V 

V 


2 auiiL 03 + 2cijJ2iOA + dujAUjA 

X 

{^2} 

l.li:2 

2auJiUJ3 -F 2cuj2UJ4 + cIujauja 

X 

{^2} 

1.31:5 

2ci( — U)\U)^ -\- 102^3'} “t“ buJ^UJ^ “h 2cUJ^UJ4 — ^UJ4^UJ4 

{U1,U2} 

{^2} 

1.3i:7 

2 a{ — UliUJA + UJ2UJ3) + buJ3UJ3 + 2CW3W4 — 2CW4W4 

{U1,U2} 

{^2} 

1.31:12 

2a{—uJiUJA + W2W3) + 2 cu; 3W4 + dwAUiA 

X 

{Wl} 

1.31:12 

2 a(—uJiUJA + ^20:3) -F bu}3UJ3 -F 2ca;3W4 -F duJAUiA 

{U1,U2} 

{ui} 

1.31:12 

2 a(—uJiUJA + W2W3) + bu}3UJ3 -F 2CW3W4 -F dujAUiA 

{U1,U2} 


1.31:19 

2 a(—uJiUJA + a;2W3) -F 2 cuj 31 aja + dujAUJA 

{U1,U2} 

{ui} 

1.31:21 

2(i(— u)\U)^ “h ^2^3) “1” 2cu)'^uj/^ “h duj^LO/^ 

{U1,U2} 

{ui} 

1.31:21 

2fl(—CJ1CJ4 “h 102(^3') buj^uj^ 2 cuj^uj4 “h duj^oj^ 

{U1,U2} 

{ui} 

1.31:24 

2 a{—ijLiiijLiA + 0J2OJ3) + 5W3W3 -F 2CW3W4 -F duJAUJA 

{U1,U2} 

X 

1.31:25 

2 a{—LO\LOA + W2W3) -F 6W3W3 -F 2CW3W4 -F (Iujauja 

{U1,U2} 

X 

1.31:30 

2 a{ljJ 20 J 3 — OJiUJa) + buJ 3 UJ 3 + 6(1 — ^)uJ 30 Ja + 
du}A0JA 

{U1,U2} 

{Wl} 

1.31:30 

2a(uj20J3 — ujiuja) + 6 CJ 3 W 3 -F d(l — A)uj 31 aJa + 
duJAUJA 

{U 1 ,U 2 } 

{^ 2 } 

1.4i:9 

a(—2uJiUJ3 + UJ 2 OJ 2 ) + buj3UJ3 + 2 CUJ 3 UJA 

a(4r+l) 

4 W 4 W 4 , 

X 

{Wl} 

1.41:10 

a(—2ujiuj3 + UJ 2 OJ 2 ) + buj3UJ3 + 2 CUJ 3 UJA 
+ duJAOJA, ad < 0 

X 

{Wl} 

2 . 2 i :2 

2a(ujiUJ3 -F W 2 a; 4 ) -F 6 W 2 W 2 

X 

{ua} 

2.2i:3 

2a(ujicu3 + W 2 W 4 ) + buj2UJ2 

X 

{ua} 

2.5i:4 

2a{ijJiUJ3 + W 2 W 4 ) + buj3UJ3 

X 

{wi} 

3.31:1 

2a{ujiuj3 -F W2a;4) + 6 W 3 W 3 

X 

{ui} 
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Table III: Non-symmetric examples with Q of Segre type [( 11 , 2 )]. 


Case 

Invariant metric 

V 

V 

l.l^:! 

c(wiWi -b W 3 W 3 ) + 2buJ2UJ4 -b doJ^UJi 

K 

{^ 2 } 

1 . 12:2 

c(uJiUJi -b UJ3UJ3) + 2buj2UJ4 -b duJ4UJ4 

X 

{^ 2 } 

1A^:9 

a{—2uJiUJ3 + LO2UJ2) + buj^LOs -b 2 ca; 3 aJ 4 
a(4r+l) 

4 'a;4W4 

X 

{Ul} 

1.4^:10 

a{—2uJiUJ3 + LO2UJ2) + bui^LOs -b 2 ca; 3 a ;4 
+ dui4U}4, ad > 0 

X 

{Ul} 

2.52:2 

2auJiUJ3 + a{uj2U!2 + LU4UJ4) -b &W 3 W 3 

X 

{Wl} 

3.32:1 

2aU!iUJ3 + a{uJ2U!2 + UJ4UJ4) -b buJ3UJ3 

X 

{ui} 
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